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Abstract
In the last few years, there has been significant interest in understanding the stationary
comparison version of the first law of black hole mechanics in the vielbein formulation of grav-
ity. Several authors have pointed out that to discuss the first law in the vielbein formulation
one must extend the Iyer-Wald Noether charge formalism appropriately. Jacobson and Mohd
[arXiv:1507.01054] and Prabhu [arXiv:1511.00388] formulated such a generalisation for sym-
metry under combined spacetime diffeomorphisms and local Lorentz transformations. In this
paper, we apply and appropriately adapt their formalism to four-dimensional gravity coupled
to a Majorana field and to a Rarita-Schwinger field. We explore the first law of black hole
mechanics and the construction of the Lorentz-diffeomorphism Noether charges in the presence
of fermionic fields, relevant for simple supergravity.
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1 Introduction
Iyer and Wald [1] gave a derivation of the stationary comparison version of the first law of black
hole mechanics for arbitrary perturbations around a stationary axisymmetric black hole in any
diffeomorphism covariant theory of gravity. The black hole entropy was identified with the integral
over the bifurcation surface of the diffeomorphism Noether charge for the horizon generating Killing
field. The results of Iyer and Wald have found numerous applications over the years [2, 3, 4].
However, as emphasised in detail in references [5, 6], there are situations of physical interest
where Iyer-Wald analysis cannot be applied directly. An assumption that goes into their analysis
is that matter fields, if present, are smooth tensor fields on the spacetime. Often in gauge theories,
one cannot always make a gauge choice such that the gauge fields are smooth tensor fields. A similar
situation arises for gravity theories written in vielbein formulation [5], where the spin-connection
might not be smooth in some chosen gauge (i.e., for a choice of vielbeins eaµ). Since the coupling of
fermions to gravity is typically through the vielbeins, Iyer-Wald analysis cannot be directly applied
to gravity coupled to fermions. In the last few years, there has been interest in understanding the
stationary comparison version of the first law of black hole mechanics in the vielbein formulation
and renewed interest in the theory of Noether charges in the vielbein formulation of gravity, see
e.g., [7, 8, 9, 10, 11].
In order to discuss the first law in the vielbein formulation, one must extend the Iyer-Wald’s
Noether charge formalism appropriately. Prabhu [6] formulated a generalisation for symmetry
under combined diffeomorphisms and internal gauge transformations in terms of fields living on a
principal bundle over spacetime. Using this formalism he presented a derivation of the first law
of black hole mechanics in the vielbein formulation of gravity, for gravity coupled to Yang-Mills
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field and for gravity coupled to a Dirac fermion. Interestingly, he found that the contribution due
to the Dirac field to the Lorentz-diffeomorphism1 Noether charge vanishes on-shell for the horizon
generating Killing field at the bifurcation surface. Thus, we are led to the question: does the
contribution to the Lorentz-diffeomorphism Noether charge vanish generically for fermions at the
bifurcation surface?
The situation should be compared to bosonic fields. For a minimally coupled scalar too the
contribution to the diffeomorphism Noether charge due to the scalar vanishes. Though, this is
not the case for a vector field (see e.g., [12]). Thus, it is interesting to explore the case of the
Rarita-Schwinger field, which besides being fermionic also carries a spacetime index. In this paper,
we apply and appropriately adapt the formalism of [5, 6] to four-dimensional gravity coupled to a
Majorana field and to a Rarita-Schwinger field. We explore the first law of black hole mechanics
and the construction of Lorentz-diffeomorphism Noether charges. With the Rarita-Schwinger field
one can in principle write down a few different diffeomorphism covariant Lagrangians. Perhaps
the most natural set-up to consider is the case of N = 1,D = 4 supergravity, often called simple
supergravity.
At this stage, it is important to note that local supersymmetry is not an internal gauge sym-
metry; it is a spacetime symmetry. Prabhu’s formalism [6], although quite general, is restricted to
the cases of internal gauge symmetry. Thus, local supersymmetry cannot be properly taken into
account within the framework of references [5, 6]. For this reason, we ‘switch off’ supersymmetry
in our study of the Lorentz-diffeomorphism Noether charges. Perhaps an independent formulation
of the first law can be achieved by considering supergravity as a geometric theory on superspace,
where the fermionic gauge symmetry is properly taken into account. We leave this for future work.
The rest of the paper is organised as follows. In section 2 we summarise the Lorentz diffeomor-
phism Noether charge formalism. For simple supergravity, the Rarita-Schwinger field is a Majorana
vector-spinor. The Majorana condition brings in new elements in the computation. It is instruc-
tive to study the simpler spin-1/2 Majorana field first, before diving into the case of the simple
supergravity. Therefore, in section 3 we study the Lorentz-diffeomorphism Noether charge for the
simpler case of spin-1/2 Majorana field. This section connects to the case of the Dirac field studied
in reference [6]. It also serves as a warm-up for simple supergravity considered in section 4. The
key result of section 4 is an expression for the contribution to the Lorentz-diffeomorphism Noether
charge due to the Rarita-Schwinger field. Using this Noether charge we formulate a stationary
comparison version of the first law in section 5. We close with a brief discussion in section 6.
1A Lorentz-diffeomorphism is a diffeomorphism accompanied by a Lorentz transformation, i.e., a frame rota-
tion. The particular Lorentz transformation of the frames, given a diffeomorphism, is given by Kosmann derivative
introduced in Eq. (2.1).
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2 A summary of the Lorentz-Diffeomorphism Noether charge for-
malism
For theories with internal gauge symmetries there is no natural action of spacetime diffeomorphisms
on dynamical fields. We only have a notion of spacetime diffeomorphisms upto gauge transforma-
tions. Without such a separation between spacetime diffeomorphisms and gauge transformations,
the diffeomorphism Noether charge is not an adequate concept to work with. This issue has been
discussed in the context of the first law of black hole mechanics over the years [13, 14, 12, 15, 16]
and, from our point of view, is satisfactorily addressed in [5, 6]. A different perspective on these
issues is presented in [10].
Prabhu [6] formulates a given gravity theory in terms of fields living on a principal bundle over
spacetime. Then he considers the full group of transformations, diffeomorphisms together with
gauge transformations, viewed as automorphisms of the bundle. For a general such automorphism
he defines a notion of Noether charge and uses it to obtain a first law of black hole mechanics as a
variational identity. A key idea in this construction is the fact that the variation of the fields under
a general automorphism X is simply given by the standard Lie derivative with respect to vector
field X on the bundle.
Jacobson and Mohd in reference [5] take a more pragmatic approach. They propose a gener-
alisation of the Iyer-Wald diffeomorphism Noether charge for a given spacetime diffeomorphism to
what they call Lorentz-DiffeomorphismNoether charge. The two approaches have some similarities
and some differences. In general there is no unique way to associate an automorphism of the bundle
to a given spacetime diffeomorphism. However, the requirement that the vielbeins (co-frames) be
preserved by the corresponding Killing vector of a given spacetime metric, uniquely determines
the infinitesimal bundle automorphism. A proof of this statement with references to the original
literature can be found in [5, 6]. This uplift defines a Lorentz-Lie derivative. We use the notation
K following [5] where the Lorentz-Lie derivative was defined for arbitrary spacetime vector fields by
the same formula as for the Killing vector fields. We call it the Kosmann derivative. On co-frames,
for arbitrary ξ,
Kξe
a
µ = Lξe
a
µ +
(
Eν[aLξe
b]
ν
)
ebµ, (2.1)
where Lξ is the standard Lie derivative computed by ignoring the internal indices, and E
µ
a are
the inverse vielbeins. Since in the later parts of the paper we suppress spacetime indices and
work in the form notation, a separate notation is required for the vielbeins and inverse vielbeins.
The vielbeins and inverse vielbeins satisfy the usual properties, Ea · e
b := Eµa ebµ = δ
b
a, and under
arbitrary variation δEa · e
b = −Ea · δe
b.
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In order to generalise the concept of Kosmann derivative to an arbitrary tensor-spinor object
carrying both spacetime and/or Lorentz/spinor indices, we first rewrite Eq. (2.1) as:
Kξe
a
µ = Lξe
a
µ +
1
2
(
ξ · ω˚cd + E
ρ
cE
σ
d ∂[ρξσ]
)(
2ηa[cδd]b
)
ebµ, (2.2)
= Lξe
a
µ +
1
2
(
ξ · ω˚cd + D˚[cξd]
)(
2ηa[cδd]b
)
ebµ, (2.3)
where ω˚cd is the torsionless part of the spin-connection and D˚µ is the torsionless Lorentz covari-
ant derivative. This rewriting makes the vector representation of the Lorentz group in equation
Eq. (2.1) manifest, and allows us to propose a Kosmann derivative for an arbitrary tensor-spinor
object [17]. For an arbitrary spacetime vector field ξ, we define,
KξTµ1···µm
ν1···νn ≡ LξTµ1···µm
ν1···νn +
1
2
(
ξ · ω˚ab + D˚[aξb]
)
Γr(M
ab)Tµ1···µm
ν1···νn , (2.4)
where the Lorentz/spinor indices are suppressed and the Lie derivative is the usual Lie deriva-
tive that only sees the spacetime indices, and where Γr(M
ab) are the representation matrices for
the Lorentz generators Mab in the representation r of the Lorentz tensor-spinor T . For vector
representation,
Γvec(M
ab)cd = 2η
c[aδb]d, (2.5)
and for the four-dimensional spinor representation,
Γspinor(M
ab) =
1
2
γab =
1
4
(
γaγb − γbγa
)
. (2.6)
For spinors, gamma matrices, Majorana condition, Majorana flip conventions we exclusively follow
reference [18].
It then follows that for spinors, the Kosmann derivative takes the form,
KξΨ = ξ
µD˚µΨ+
1
4
∂[µξν]γ
µνΨ, (2.7)
where D˚µ is the torsionless spinor covariant derivative,
D˚µΨ(x) =
(
∂µ +
1
4
ω˚µabγ
ab
)
Ψ(x), (2.8)
and where ω˚µ
ab and the Christoffel symbol Γ˚σµν are related by the vielbein postulate,
∂µe
a
ν + ω˚µ
a
be
b
ν − Γ˚
σ
µνe
a
σ = 0. (2.9)
Along identical lines, it also follows that the Kosmann derivative for the Rarita-Schwinger field,
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which is a vector-spinor field, takes the form,
Kξψµ = Lξψµ +
1
4
(
ξ · ω˚ab + D˚[aξb]
)
γabψµ
= ξα∂αψµ + ψα∂µξ
α +
1
4
(
ξ · ω˚ab + D˚[aξb]
)
γabψµ
= ξα
(
∂αψµ − ∂µψα +
1
4
ω˚ abα γabψµ −
1
4
ω˚ abµ γabψα
)
+ ∂µ (ξ
αψα)
+
1
4
ω˚ abµ γab (ξ
αψα) +
1
4
D˚[aξb]γ
abψµ
= ξα
(
D˚αψµ − D˚µψα
)
+ D˚µ (ξ
αψα) +
1
4
D˚[aξb]γ
abψµ, (2.10)
where in the third line we have added and subtracted appropriate terms to bring it in the final
form. Later we will convert this final form in the index-free form notation.
Jacobson and Mohd [5] proposed to use the Kosmann derivative to define a Lorentz-diffeo-
morphism associated to ξ. Although, the association of the (projection of the) bundle automorphism
Kξ to spacetime diffeomorphism Lξ is different from the spirit of [6], when restricted to Killing
vectors the conclusions from the two formalisms are identical. In particular, one gets the same first
law for stationary spacetimes using either of the two prescriptions. We make use of this fact and
borrow convenient notation from both these references to discuss the first law with the Majorana
and Rarita-Schwinger fields.
A comment about notation is in order: Prabhu [6] uses underline to distinguish between fields
on the spacetime (base space) from those on the principal bundle. We do not use that notation. For
us all quantities are on the spacetime. The main technical point we use from [5, 6] is the modification
of the Lie derivative to the Kosmann derivative when evaluating the Noether currents.
Let L denote the Lagrangian d-form. Spacetime differential forms are denoted with boldface
letters and center dot is used to denote the interior derivative: for a p-form A, ξ ·A = iξA. We
assume that the Lagrangian is diffeomorphism covariant and is a Lorentz scalar, and its variations
are the same when we vary the fields with the Kosmann derivative or with the Lie derivative, i.e.,
KξL = LξL = d(ξ · L). (2.11)
Let us denote the dynamical field collectively as ϕα (and also simply as ϕ), where α denotes any
internal indices that the field may carry. The variation of the Lagrangian d-form induced by a field
variation δϕα can be written as,
δL = Eα(ϕ) ∧ δϕ
α + dθ(ϕ, δϕ). (2.12)
The quantity Eα(ϕ) defines the equations of motion, Eα(ϕ) = 0, and the (d−1) form θ is constructed
out of the dynamical fields ϕ and their first variations δϕ. Now let us consider the variation of the
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Lagrangian induced by an arbitrary vector field ξ, with field variations,
δξϕ
α = Kξϕ
α. (2.13)
To such a variation we can associate an (d − 1)-form called the Lorentz-diffeomorphism Noether
current,
Jξ = θ(ϕ,Kξϕ)− ξ ·L. (2.14)
For all vector fields ξ, the Noether current is closed on-shell. This implies [19, 5, 6] that on-
shell Jξ is an exact form Jξ = dQξ. In this work, we are concerned with the construction of the
Lorentz-diffeomorphism Noether charge Qξ for the theories of interest.
The Lagrangians considered in this paper are of the form,
L = Lgrav +Lmatter, (2.15)
where Lgrav depends on the vielbein one-forms (also called frame-field one forms or co-frames)
ea = eaµdx
µ and the spin-connection one-forms ωab = ωabµ dx
µ. We exclusively work in the first
order formalism, i.e., we treat ea and ωab as independent fields. We write the equations of motion
terms in the variation with respect to the co-frames ea and the spin-connection ωab as,
(δeLgrav)eom = Ea ∧ δe
a, (δeLmatter)eom = −T a ∧ δe
a, Ea − T a = 0, (2.16)
(δωLgrav)eom = Eab ∧ δω
ab, (δωLmatter)eom = −Sab ∧ δω
ab, Eab − Sab = 0. (2.17)
The above equations define the symbols Ea,T a,Eab and Sab.
For the first order formulation of gravity with a cosmological constant we use the following
Lagrangian,
Lgrav =
(R− 2Λ)
16πG
ǫ4 , (2.18)
often called the Einstein-Hilbert-Palatini Lagrangian. This theory was considered in detail in
references [5, 6]. For this Lagrangian we have a symplectic potential2 boundary term, which takes
the form,
θ =
1
32πG
εabcd e
a ∧ eb ∧ δωcd. (2.19)
Now, in order to compute the Lorentz-diffeomorphism Noether current Eq. (2.14) we need the
Kosmann derivative of the spin-connection. This can be obtained in a number of ways. We follow
2Sometimes the d−1 form θ(ϕ, δϕ) is called the presymplectic potential. Using this we construct the presymplectic
current ω(ϕ, δ1ϕ, δ2ϕ) = δ1θ(ϕ, δ2ϕ) − δ2θ(ϕ, δ1ϕ). Integrating ω on a Cauchy surface gives a presymplectic 2-form
on the configuration space F . The presymplectic 2-form is not a true symplectic 2-form as it is not non-degenerate.
It is possible to construct a phase space with a non-degenerate symplectic form [20]. However, for our purposes the
presymplectic forms will be sufficient. Thus, to simplify terminology we use the names symplectic potential for θ and
symplectic current for ω.
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the following logic: We recall that infinitesimal variation of the spin-connection δωab transforms
covariantly under local Lorentz transformations. The first Cartan structure equation (dea +ωab ∧
eb = T a, where T a is the torsion 2-form) allows us to write δωab in terms of δea and δT a. Since T a
is a proper Lorentz-tensor, its Kosmann derivative is uniquely defined by the above considerations,
cf. Eq. (2.4). Therefore, taking δωab = Kξω
ab, Kξω
ab can be related to Kξe
a and KξT
a. A
calculation gives,
Kξω
ab = Lξω
ab −D
(
eµ[aLξe
b]
µ
)
, (2.20)
where D is the standard local Lorentz covariant derivatives. When restricted to the torsionless
case, this equation is same as the one given in [5].
The Lorentz-diffeomorphism Noether current for the gravity sector Lagrangian Eq. (2.18) takes
the form
Jξ =
1
32πG
εabcd e
a
∧ eb ∧
(
Kξω
cd
)
− (ξ ·Lgrav) (2.21)
= dQξ + Ea (ξ · e
a) + Eab
{
1
2
Ea ·Eb · [dξ − T
c (Ec · ξ)]− (Ec · ξ)
(
E[a · E
c · Tb]
)}
,
where
Ea = −
1
16πG
εabcd e
b ∧Rcd +
Λ
8πG
(⋆ea) , (2.22)
Eab =
1
16πG
εabcd e
c
∧ T d, (2.23)
and the Noether charge Qξ is
Qξ =
1
32πG
εab
cd ea ∧ eb
{
1
2
Ec ·Ed · [dξ − T
e (Ee · ξ)]− (Ee · ξ)
(
E[c · E
e · Td]
)}
. (2.24)
In equation Eq. (2.22), ⋆ denotes the four-dimensional Hodge dual. Expression Eq. (2.24) can be
written more conveniently using the contorsion tensor (see below) and can be compared with (the
projection of) equation (5.8) of reference [6]. In the torsionless case, the Noether charge Qξ takes
the familiar form,
Qξ = −
1
16πG
(⋆dξ) . (2.25)
To get the first law for a stationary, axisymmetric, black hole solution we use the horizon generating
Killing field k in place of ξ. Since k vanishes at the bifurcation surface, the integration of the Noether
charge Eq. (2.24) over the bifurcation 2-sphere B gives
∫
B
Qk =
κB
8π
Area(B), (2.26)
where κB is surface gravity of the black hole horizon.
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3 Lorentz-Diffeomorphism Noether charge for Majorana field
In this section we study the Lorentz-diffeomorphism Noether charge for the spin-1/2 Majorana
field. The aim of this section is to first compute the symplectic potential (d − 1)-form θ and then
the corresponding Lorentz-diffeomorphism Noether current Jξ.
The Lagrangian four-form for a massive Majorana field takes the form,
Lmatter = ǫ4
(
−
1
2
Ψ¯ /DΨ+
1
2
mΨ¯Ψ
)
, (3.1)
where Ψ¯ is the Majorana conjugate and the derivative /D is defined below. For the benefit of the
reader we review the definition of Dirac, Majorana, and charge conjugate following [18]. Let C be
the charge conjugation matrix and let Γ(r) be the rank r product of antisymmetrised γ matrices
Γ(r) : γµ1...µr = γ[µ1 . . . γµr ]. (3.2)
The conventions reference [18] follows for four-dimensions (and Lorentzian signature) are
(CΓ(r))T = −trCΓ
(r), (3.3)
with t0 = +1, t1 = −1, t2 = −1, t3 = +1, and tr+4 = tr. The Majorana conjugate is defined as,
Ψ¯ = ΨTC. (3.4)
The Majorana field by definition satisfies the Majorana condition, ΨC = Ψ, where ΨC is the charge
conjugate defined via Ψ∗ = it0Cγ
0ΨC . These definitions imply that the Dirac conjugate Ψ¯ = iΨ†γ0
is same as the Majorana conjugate for a Majorana spinor. Due to this equivalence, Ψ¯ in Eq. (3.1)
can be taken to be the Dirac conjugate for the Majorana spinor Ψ. For explicit computations it is
easier to work with the Dirac conjugate.
The covariant derivative /D used in the above Lagrangian is defined as
/DΨ = γµDµΨ = γ
aEµaDµΨ = γ
a(Ea ·DΨ) = γ
µ
(
∂µ +
1
4
ω abµ γab
)
Ψ , (3.5)
where the latin indices are Lorentz frame indices and the greek indices are spacetime indices. It is
convenient to define the derivative operator acting on Ψ¯ as well via
/DΨ = −Ψ¯
←−
/D = −Ψ¯
←−
Dµγ
µ = −
(
∂µΨ¯−
1
4
Ψ¯ω abµ γab
)
γµ . (3.6)
Unlike the case of the Dirac field, where the reality condition on the Lagrangian requires us to
work with the symmetrised derivative (Ψ¯ /DΨ + /DΨΨ), Lagrangian Eq. (3.1) is automatically real
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due to the Majorana condition. To see this we note that,
(Ψ¯ /DΨ)† = ( /DΨ)†(iΨ†γ0)†
= i
(
∂µΨ
† +
1
4
ωµabΨ
†γ0γabγ0
)
(γ0γµγ0)(γ0Ψ)
= −
(
∂µΨ¯−
1
4
ωµabΨ¯γ
ab
)
γµΨ
= Ψ¯γµ∂µΨ+
1
4
ωµabΨ¯γ
µγabΨ
= Ψ¯ /DΨ, (3.7)
where we have repeatedly used the relation Ψ¯γµΨ = 0 for a Majorana spinor. Note that this
property is not available for the Dirac field.
The Lagrangian presented in Eq. (3.1) depends on three fields: the vielbein ea, the spin-
connection ωab and the Majorana field Ψ. The variation of the Lagrangian with respect to the
vielbein takes the form,
δeL = (δǫ4)
(
−
1
2
Ψ¯ /DΨ+
1
2
mΨ¯Ψ
)
−
1
2
ǫ4 δ(Ψ¯ /DΨ)
= (δǫ4)
(
−
1
2
Ψ¯ /DΨ+
1
2
mΨ¯Ψ
)
−
1
2
ǫ4 Ψ¯γ
a(δEa ·DΨ)
= (δǫ4)
(
−
1
2
Ψ¯ /DΨ+
1
2
mΨ¯Ψ
)
+
1
2
ǫ4 Ψ¯γ
a(Eb ·DΨ)(Ea · δe
b)
= − (⋆ea)
(
−
1
2
Ψ¯ /DΨ+
1
2
mΨ¯Ψ
)
∧ δea −
1
2
(Eb · ǫ4)Ψ¯γ
b(Ea ·DΨ) ∧ δe
a
= − (⋆ea)
(
−
1
2
Ψ¯ /DΨ+
1
2
mΨ¯Ψ
)
∧ δea −
1
2
⋆ eb Ψ¯γ
b(Ea ·DΨ) ∧ δe
a
:= −T a ∧ δe
a . (3.8)
The above manipulations have been performed as follows. In going from the second to the third
step we have related δEa to δe
b. In going from the third to the fourth step we have used the result,
(δǫ4) = −(⋆ea) ∧ δe
a, where ⋆ denotes the Hodge star, and also the identity,
V · (A ∧B) = (V ·A) ∧B + (−1)pA ∧ (V ·B) , (3.9)
where, V is a vector field, A is a p-form and B is q-form. In the present context we have used
identity Eq. (3.9) with A = ǫ4, B = δe
a and V = Ea, such that, A ∧B = 0. In going from the
fourth to the fifth step we have used (Eb · ǫ4) = ⋆eb. Finally, the last line of Eq. (3.8) defines the
energy-momentum three-form T a,
T a = (⋆ea)
(
−
1
2
Ψ¯ /DΨ+
1
2
mΨ¯Ψ
)
+
1
2
(⋆eb) Ψ¯γ
bEa ·DΨ . (3.10)
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Similarly, the variation with respect to the spin connection gives,
δωL = −
1
2
ǫ4 Ψ¯γ
aEa ·
(
1
4
δωcdγ
cd
)
Ψ
= −
1
8
ǫ4 Ψ¯γ
aγcdΨ(Ea · δωcd) =
1
8
(Ea · ǫ4)Ψ¯γ
aγcdΨ ∧ δωcd
:= −Scd ∧ δωcd , (3.11)
where we have again used identity Eq. (3.9) with A = ǫ4, B = δωcd, and V = Ea such that
A ∧B = 0. The last line of the above equation defines the spin-current three-form Scd,
Scd = −
1
8
(Ea · ǫ4) Ψ¯γ
aγcdΨ. (3.12)
Finally, we consider the variation of the Lagrangian with respect to Ψ. Unlike the case of Dirac
field, where variations of Ψ and Ψ¯ are treated as independent, here the field variations must also
satisfy the Majorana condition so that δΨ is related to δΨ¯. In practice this condition is implemented
through the Majorana flip relations. Let λ1 and λ2 be two arbitrary Majorana spinors (possibly
with other spacetime indices), then,
λ¯1 Γ
(r)λ2 = tr λ¯2 Γ
(r)λ1, (3.13)
which for our applications read,
δΨ¯Ψ = Ψ¯δΨ , δΨ¯γaΨ = −Ψ¯γaδΨ , (3.14)
δΨ¯γcdΨ = −Ψ¯γcdδΨ , δΨ¯γabcΨ = Ψ¯γabcδΨ , (3.15)
δΨ¯γa∂µΨ = −∂µΨ¯γ
aδΨ , δΨ¯γaγcdΨ = Ψ¯γcdγaδΨ. (3.16)
These relations imply,
δΨ¯ /DΨ = δΨ¯γµ
(
∂µ +
1
4
ω abµ γab
)
Ψ
= −∂µΨ¯γ
µδΨ +
1
4
Ψ¯ωµ
abγabγ
µδΨ
= −Ψ¯
←−
D ·Eaγ
aδΨ = −Ψ¯
←−
/DδΨ . (3.17)
Using these relations, the variation of the Lagrangian with respect to the Majorana field yields,
δΨL =
1
2
ǫ4
(
−δΨ¯ /DΨ− Ψ¯ /DδΨ +mΨ¯δΨ+mδΨ¯Ψ
)
=
1
2
ǫ4Ψ¯
←−
/DδΨ +
1
2
(Ea · ǫ4)Ψ¯γ
a ∧DδΨ + ǫ4(mΨ¯δΨ)
= ǫ4
(
Ψ¯(
←−
/D +m)−
1
3!
Tba
b(Ψ¯γa)
)
δΨ− d
[
1
2
(Ea · ǫ4)Ψ¯γ
aδΨ
]
, (3.18)
where Tab
c are the frame components of the torsion Tab
c = Eb · Ea · T
c. In going from the first to
the second step we have used once again identity Eq. (3.9) with A = ǫ4, B = DδΨ, and V = Ea
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such that A∧B = 0. In going from the second to the third line we have used integration by parts
and manipulations similar to the ones performed in [6] for the Dirac field.
The contribution to the symplectic potential θ from the Majorana field can be read off from
Eq. (3.18),
θ(Ψ, δΨ) = −
1
2
(Ea · ǫ4)Ψ¯γ
aδΨ . (3.19)
Given the symplectic potential, the Lorentz-diffeomorphism Noether current can be obtained in a
straight forward manner. It takes the form,
Jξ := θ(Ψ,KξΨ)− ξ · L
= −
1
2
(Ea · ǫ4)Ψ¯γ
a (KξΨ)− (ξ · ǫ4)
(
−
1
2
Ψ¯ /DΨ+
1
2
mΨ¯Ψ
)
. (3.20)
From Eq. (2.7) we have,
KξΨ = ξ · dΨ+
1
4
ξ · ω˚abγ
abΨ+
1
8
(Eb ·Ea · dξ) γ
abΨ, (3.21)
Inserting this expression in Eq. (3.20) and using the identity,
V ·A = (V · ea)(E
a
·A), (3.22)
we get
Jξ = −T a(ξ · e
a)− Sab
(
1
2
Ea · Eb · (dξ − T
c(Ec · ξ))− (Ec · ξ)(E[a ·E
c · Tb]
)
, (3.23)
where T a and Sab are defined in Eq. (3.10) and Eq. (3.12) respectively.
Now, the full Lorentz-diffeomorphism Noether current of the gravity plus the matter takes the
form,
Jξ = J
grav
ξ + J
matter
ξ (3.24)
= dQξ + (Ea − T a) (ξ · e
a)
+
(
E
ab
− S
ab
)(1
2
Ea · Eb · (dξ − T
c(Ec · ξ))− (Ec · ξ)(E[a · E
c
· Tb]
)
. (3.25)
Therefore, on-shell we have Jξ = dQξ where the Noether charge Qξ is
Qξ =
1
32πG
εab
cd ea ∧ eb
(
1
2
Ec ·Ed · (dξ − T
e(Ee · ξ))− (Ee · ξ)(E[c ·E
e
· Td]
)
, (3.26)
and the torsion 2-form is fixed by the equations of motion Eab−Sab = 0. At the bifurcation surface,
for the horizon generating Killing field ξµ = kµ = (∂t)
µ + Ω(∂φ)
µ, ξµ vanishes. As a result, the
Noether charge Qξ simplifies to
Qk
∣∣∣∣
B
=
1
32πG
εab
cd ea ∧ eb
(
1
2
Ec · Ed · dk
)
= −
1
16πG
⋆ dk. (3.27)
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Thus, we see that the Majorana fermion does not contribute to the full Noether charge for the
horizon generating Killing field at the bifurcation surface.
Note that, through the change in torsion due to the Majorana field, in general both the Noether
current and the Noether charge are different from pure general relativity. However, when the
Noether charge is evaluated for the horizon generating Killing field at the bifurcation surface all
those terms do not contribute.
4 Lorentz-Diffeomorphism Noether charge for simple (AdS) su-
pergravity
In this section we study the Lorentz-diffeomorphism Noether charge for the spin-3/2 Rarita-
Schwinger field in four spacetime dimensions. The most natural set-up to consider is the case
of N = 1,D = 4 supergravity, often called simple supergravity. With very little effort, this discus-
sion can be generalised to N = 1,D = 4 AdS supergravity. This is the set-up we work with. The
Lagrangian 4-form for simple AdS supergravity is,
Lsugra =
1
4κ2
εabcd R
ab(ω) ∧ ec ∧ ed +
i
2κ2
ψ¯ ∧ γ∗γ ∧ Dˆψ −
1
κ2
Λ ǫ4, (4.1)
where the Rarita-Schwinger field ψ is a Majorana spinor valued one-form, γ is a matrix-valued
one-form
γ = γaea, (4.2)
γ∗ = iγ0γ1γ2γ3, and the derivative operator on the Rarita-Schwinger field is defined as,
Dˆψ =Dψ −
1
2L
γ ∧ψ =
(
∂µψν +
1
4
ω cdµ γcdψν −
1
2L
γµψν
)
dxµ ∧ dxν . (4.3)
Furthermore, κ2 = 8πG and the cosmological constant Λ is related to the AdS radius L through
Λ = − 3
L2
. Lagrangian Eq. (4.1) is presented in a slightly different form compared to standard
references such as [18]. Since we use the form notation, the above structure of the Lagrangian is
computationally simpler to work with.
The gravity sector of the Lagrangian presented in Eq. (4.1) is the same as in the previous
sections. Therefore, it is enough to consider the matter part of the Lagrangian Eq. (4.1),
L =
i
2κ2
ψ¯ ∧ γ∗γ ∧ Dˆψ. (4.4)
The variation with respect to ea yields the energy-momentum 3-form T a, and the variation
with respect to ωab yields the spin-current 3-form Sab,
(δeL)eom = −T a ∧ δe
a, (δωL)eom = −Sab ∧ δω
ab. (4.5)
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It turns out that the variations δeL and δωL do not give total derivative terms. The variation with
respect to ψ yields the equations of motion for the Rarita-Schwinger field and a total derivative
term from where we read off the contribution to the symplectic potential 3-form θ.
We have,
δL = +
i
2κ2
(
δψ¯
)
∧ γ∗γ ∧ Dˆψ +
i
2κ2
ψ¯ ∧ γ∗γaDˆψ ∧ δe
a
+
i
2κ2
ψ¯ ∧ γ∗γ ∧ Dˆδψ +
i
2κ2
ψ¯ ∧ γ∗γ ∧
(
1
4
δωcdγcd
)
∧ψ
+
i
2κ2
ψ¯ ∧ γ∗γ ∧
(
1
2L
γa
)
ψ ∧ δea. (4.6)
The variation of ψ¯ is related to the variation of ψ through the Majorana flip relations. The following
more general version of the Majorana flip relation is very useful in actual computations:
λ¯1 Γ
(r1)Γ(r2)λ2 = tr1
(
Γ(r2)λ2
)
Γ(r1) λ1 = t0tr1tr2 λ¯2 Γ
(r2)Γ(r1)λ1. (4.7)
Using γ∗ = iγ0γ1γ2γ3 together with Eq. (3.13) and Eq. (4.7), we have for the first term in the
variation presented in Eq. (4.6),
(
δψ¯
)
∧ γ∗γae
a ∧ Dˆψ =
(
δψ¯µγ∗γaDˆρψσ e
a
ν
)
dxµ ∧ dxν ∧ dxρ ∧ dxσ
=
(
(Dˆρψσ) γ∗γaδψ¯µ e
a
ν
)
dxµ ∧ dxν ∧ dxρ ∧ dxσ
=
{(
∂ρψ¯σ −
1
4
ωρcdψ¯σγ
cd +
1
2L
ψ¯σγρ
)
γ∗γν δψµ
}
dxσ ∧ dxρ ∧ dxν ∧ dxµ
= −
(
dψ¯ +
1
4
ψ¯ ∧ ωcdγ
cd
−
1
2L
ψ¯ ∧ γ
)
∧ γ∗γ ∧ δψ
= −ψ¯
←−
Dˆ ∧ γ∗γae
a
∧ δψ, (4.8)
where the operation
←−
Dˆ is defined as,
ψ¯
←−
Dˆ ≡ dψ¯ +
1
4
ψ¯ ∧ ωcdγ
cd
−
1
2L
ψ¯ ∧ γ
=
(
∂µψ¯ν −
1
4
ωµcdψ¯νγ
cd +
1
2L
ψ¯νγµ
)
dxµ ∧ dxν
= ψ¯ν
←−
Dˆµdx
µ ∧ dxν . (4.9)
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Additionally, to simplify the second term in the variation Eq. (4.6), we note that
ψ¯ ∧ γ∗γ ∧ Dˆδψ = ψ¯ ∧ γ∗γ ∧ dδψ +
1
4
ψ¯ ∧ γ∗γ ∧ωcdγ
cd ∧ δψ −
1
2L
ψ¯ ∧ γ∗γ ∧ γ ∧ δψ
= d
(
ψ¯ ∧ γ∗γ ∧ δψ
)
− d
(
ψ¯ ∧ γ∗γ
)
∧ δψ
−
1
4
ψ¯ ∧ ωcd ∧ γ∗γγ
cd ∧ δψ +
1
2L
ψ¯ ∧ γ ∧ γ∗γ ∧ δψ
= d
(
ψ¯ ∧ γ∗γ ∧ δψ
)
+ ψ¯ ∧ γ∗γade
a
∧ δψ
−
(
dψ¯ −
1
2L
ψ¯ ∧ γ
)
∧ γ∗γ ∧ δψ −
1
4
ψ¯ ∧ ωcd ∧ γ∗γ
aγcdea ∧ δψ
= d
(
ψ¯ ∧ γ∗γ ∧ δψ
)
+ ψ¯ ∧ γ∗γa
(
dea + ωab ∧ e
b
)
∧ δψ
−
(
dψ¯ +
1
4
ψ¯ ∧ ωcdγ
cd −
1
2L
ψ¯ ∧ γ
)
∧ γ∗γ ∧ δψ
= d
(
ψ¯ ∧ γ∗γ ∧ δψ
)
+ ψ¯ ∧ γ∗γaT
a ∧ δψ − ψ¯
←−
Dˆ ∧ γ∗γ ∧ δψ, (4.10)
where we have separated out the total derivative term.
Using both Eq. (4.8) and Eq. (4.10), the variation of the Rarita-Schwinger Lagrangian simplifies
to,
δL = dθ − T a ∧ δe
a
− Scd ∧ δω
cd
− Eψ ∧ δψ, (4.11)
with
θ =
i
2κ2
ψ¯ ∧ γ∗γ ∧ δψ , (4.12)
T a = −
i
2κ2
[
ψ¯ ∧ γ∗γaDψ −
1
L
ψ¯ ∧ γ∗γabe
b
∧ψ
]
, (4.13)
Scd =
i
8κ2
ψ¯ ∧ γ∗γγcd ∧ψ , (4.14)
Eψ =
i
κ2
[
ψ¯
←−
Dˆ ∧ γ∗γ −
1
2
ψ¯ ∧ γ∗γaT
a
]
. (4.15)
Having obtained an expression for θ, we can now obtain the Lorentz-diffeomorphism Noether
current via our general formula,
Jξ = θ(ψ,Kξψ)− ξ ·L. (4.16)
To compute this we need the Kosmann derivative Kξψ of the Rarita-Schwinger field. An expression
for Kξψ was given in Eq. (2.10). Expression Eq. (2.10) can be written more concisely in the form
notation as follows,
Kξψ = ξ · D˚ψ + D˚ (ξ ·ψ) +
1
4
(
−
1
2
Ea ·Eb · dξ
)
γabψ, (4.17)
or equivalently,
Kξψ = ξ ·
(
Dψ −
1
4
Kabγ
ab ∧ψ
)
+D (ξ · ψ)−
1
4
Kabγ
ab (ξ · ψ) +
1
4
(
−
1
2
Ea · Eb · dξ
)
γabψ
= ξ · (Dψ) +D (ξ · ψ) +
1
4
(
−
1
2
Ea ·Eb · dξ − ξ ·Kab
)
γabψ, (4.18)
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where we have replaced D˚ withD. In the new form the spinor covariant derivative includes torsion.
The contorsion tensor Kab is defined via ωab = ω˚ab +Kab, and can be expressed in terms of the
torsion tensor as
Kαµν = −
1
2
(Tαµν − Tµνα + Tναµ) . (4.19)
The contorsion tensor is antisymmetric in the last two indices, while torsion tensor is antisymmetric
in the first two indices. We can write contorsion tensor term ξ ·Kab in terms of the torsion two
form. We have,
ξ ·Kab = ξ
αKαµνE
µ
aE
ν
b = −
1
2
ξα (Tαµν − Tµνα + Tναµ)E
µ
aE
ν
b
=
1
2
ξαTµναE
µ
aE
ν
b −
1
2
ξα (Tαµν − Tανµ)E
µ
aE
ν
b
= −
1
2
(ξ · ec) [Ea · (Eb · Tc)]− E[a ·
(
ξ · Tb]
)
(4.20)
where Ta = (1/2)TµναE
α
a dx
µ ∧ dxν . Thus, the Kosmann derivative of the spinor one-form can be
written as:
Kξψ = ξ · (Dψ) +D (ξ ·ψ) +
1
4
[
−
1
2
Ea · (Eb · dξ) +
1
2
(ξ · ec) [Ea · (Eb · Tc)] + E[a ·
(
ξ · Tb]
)]
γabψ.
(4.21)
It is slightly easier to work with expression Eq. (4.18), as it is less cumbersome. However, to
compare with some expressions in [6] it is better to use the form Eq. (4.21). We continue to use
expression Eq. (4.18) and use Eq. (4.20) to convert contorsion tensor into the torsion tensor when
needed.
Now, from equations Eq. (4.12) and Eq. (4.15), it follows that
θ(ψ,Kξψ) =
i
2κ2
ψ¯ ∧ γ∗γ ∧ ξ ·Dψ +
i
2κ2
ψ¯ ∧ γ∗γ ∧D(ξ · ψ)
−Scd
(
1
2
Ec ·Ed · dξ + ξ ·Kcd
)
. (4.22)
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The ξ · L term in Jξ = θ(ψ,Kξψ)− ξ ·L is more tedious. We find,
ξ · L =
i
2κ2
(ξ · ψ¯)γ∗γ ∧ Dˆψ −
i
2κ2
ψ¯ ∧ γ∗γaDˆψ(ξ · e
a)
+
i
2κ2
ψ¯ ∧ γ∗γ ∧ ξ ·Dψ −
i
2κ2
(
1
2L
)
ψ¯ ∧ γ∗γγa ∧ψ(ξ · e
a)
+
i
2κ2
(
1
2L
)
ψ¯ ∧ γ∗γ ∧ γ(ξ ·ψ)
=
i
2κ2
(ξ · ψ¯)γ∗γ ∧ Dˆψ +
i
2κ2
ψ¯ ∧ γ∗γ ∧ ξ ·Dψ(
−
i
2κ2
ξ · ea
)[
ψ¯ ∧ γ∗γaDψ −
1
2L
ψ¯ ∧ γ∗ (γaγb − γbγa)e
b
∧ψ
]
+
i
2κ2
(
1
2L
)
ψ¯ ∧ γ∗γ ∧ γ (ξ · ψ)
=
i
2κ2
(ξ · ψ¯)γ∗γ ∧ Dˆψ +
i
2κ2
ψ¯ ∧ γ∗γ ∧ ξ ·Dψ
+(ξ · ea)T a +
i
2κ2
(
1
2L
)
ψ¯ ∧ γ∗γ ∧ γ (ξ · ψ) . (4.23)
The above manipulations are as follows. In the first step we have expanded ξ · Dˆψ in ξ ·Dψ and
the remaining terms. In the second step we have regrouped various terms to factor out (ξ · ea). In
the third step we have regrouped terms such that the coefficient of (ξ · ea) is the energy-momentum
three-form T a introduced in Eq. (4.13).
Combining Eq. (4.22) and Eq. (4.23), the Lorentz-diffeomorphism Noether current for the
Rarita-Schwinger part of the Lagrangian can be expressed as,
JRSξ = θ(ψ,Kξψ)− ξ · L
=
i
2κ2
ψ¯ ∧ γ∗γ ∧ Dˆ(ξ · ψ)− S
cd
(
1
2
Ec ·Ed · dξ + ξ ·Kcd
)
−T a (ξ · e
a) +
i
2κ2
(
ξ · ψ
)
γ∗γ ∧ Dˆψ. (4.24)
The first term in the above equation can be rewritten as a sum of a total derivative and other terms
(cf. Eq. (4.10)),
i
2κ2
ψ¯ ∧ γ∗γ ∧ Dˆ(ξ ·ψ) = d
(
i
2κ2
ψ¯ ∧ γ∗γ (ξ · ψ)
)
−
i
2κ2
ψ¯
←−
Dˆ ∧ γ∗γ (ξ ·ψ)
+
i
2κ2
ψ¯ ∧ γ∗γaT
a (ξ ·ψ) , (4.25)
while the last term in Eq. (4.24) can be Majorana flipped (cf. Eq. (4.7)) to get,
i
2κ2
(
ξ ·ψ
)
γ∗γ ∧ Dˆψ = −
i
2κ2
ψ¯
←−
Dˆ ∧ γ∗γ (ξ ·ψ) . (4.26)
We finally have,
JRSξ = d
[
i
2κ2
ψ¯ ∧ γ∗γ (ξ · ψ)
]
− T a (ξ · e
a)− Eψ (ξ ·ψ)− S
cd
(
1
2
Ec · Ed · dξ + ξ ·Kcd
)
. (4.27)
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The full Lorentz-diffeomorphism Noether current is therefore,
Jξ = J
grav
ξ + J
RS
ξ
= dQgravξ + d
[
i
2κ2
ψ¯ ∧ γ∗γ (ξ ·ψ)
]
+ (Ea − T a)(ξ · e
a) + Eψ (ξ ·ψ)
+
(
E
cd
− S
cd
)(1
2
Ec ·Ed · dξ + ξ ·Kcd
)
. (4.28)
On-shell we have Jξ = dQξ where the total Noether charge Qξ is
Qξ = Q
grav
ξ +Q
RS
ξ , (4.29)
with
QRSξ =
i
2κ2
ψ¯ ∧ γ∗γae
a (ξ · ψ) , (4.30)
and where we recall that,
Q
grav
ξ =
1
32π
εab
cd ea ∧ eb
(
1
2
Ec ·Ed · dξ + ξ ·Kcd
)
(4.31)
=
1
32π
εab
cd ea ∧ eb
(
1
2
Ec ·Ed · (dξ − T
e(Ee · ξ))− (Ee · ξ)(E[c · E
e · Td]
)
. (4.32)
Expressions Eq. (4.12), Eq. (4.13), and the expression for the Noether charge Eq. (4.30) are the
main results of this section.
5 First law for supergravity
We now have all the ingredients necessary to formulate a first law for simple AdS supergravity. We
recall that a first law is an identity relating the perturbed Hamiltonians for the horizon generating
Killing field evaluated at the bifurcation surface and at spatial infinity. The first variations of the
Hamiltonians are constructed out of the Noether charge 2-form Qξ and symplectic potential 3-form
θ as,
δHξ =
∫
Σ
ω(ϕ, δϕ,Kξϕ) =
∫
∂Σ
(δQξ − ξ · θ) . (5.1)
In this expression Σ is a Cauchy surface in the spacetime and ∂Σ is its boundary, ω is the symplectic
current
ω(ϕ, δ1ϕ, δ2ϕ) = δ1θ(ϕ, δ2ϕ)− δ2θ(ϕ, δ1ϕ). (5.2)
The Noether charge 2-form Qξ and symplectic potential 3-form θ for both the gravitational La-
grangian and the Rarita-Schwinger Lagrangian have been obtained in the previous sections.
A first step to discuss the first law is to specify the boundary conditions for the gravitational
and Rarita-Schwinger fields. Asymptotically, we demand the metric to behave as global AdS,
ds2AdS = −
(
1 +
r2
L2
)
dt2 +
(
1 +
r2
L2
)−1
dr2 + r2
(
dθ2 + sin2 θdφ2
)
. (5.3)
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A set of co-frames that capture the above metric is simply,
e0AdS =
(
1 +
r2
L2
)1/2
dt, e1AdS =
(
1 +
r2
L2
)−1/2
dr, (5.4)
e2AdS = rdθ, e
3
AdS = r sin θdφ. (5.5)
The “Dirichlet” boundary conditions that define asymptotically AdS spacetimes in simple super-
gravity were worked out in [21]. They are,
e0 = e0AdS +O(r
−5)dr +O(r−2)dt+O(r−2)dθ +O(r−2)dφ, (5.6)
e1 = e1AdS +O(r
−4)dr +O(r−3)dt+O(r−3)dθ +O(r−3)dφ, (5.7)
e2 = e2AdS +O(r
−5)dr +O(r−2)dt+O(r−2)dθ +O(r−2)dφ, (5.8)
e3 = e3AdS +O(r
−5)dr +O(r−2)dt+O(r−2)dθ +O(r−2)dφ. (5.9)
and
ψt = (1− γ1)O(r
−3/2), ψr = (1 + γ1)O(r
−7/2), (5.10)
ψθ = (1− γ1)O(r
−3/2), ψφ = (1− γ1)O(r
−3/2). (5.11)
These boundary conditions ensure that the symplectic current is finite at the boundary and that
the symplectic flux through the boundary vanishes [22]. The corresponding boundary conditions
in the asymptotically flat setting were first discussed in [23, 24].
Let us assume that there is a stationary axisymmetric black hole solution to the field equations.
Let the black hole horizon be a bifurcate Killing horizon generated by the Killing field kµ. From
general results on the bifurcate Killing horizon it follows that the Killing field is a linear combination
of time translation tµ = (∂/∂t)µ and rotation φµ = (∂/∂φ)µ,
kµ = tµ +ΩHφ
µ, (5.12)
where ΩH is a constant representing horizon angular velocity and that k
µ vanishes at the bifurcation
2-sphere.
Let us also assume that the Rarita-Schwinger field is smooth on the relevant part of the space-
time, i.e., in the neighbourhood of the future and past horizons, at the bifurcation 2-sphere, and in
the spacetime region outside the horizon all the way to infinity. Moreover, let us assume that the
Rarita-Schwinger field is stationary and axisymmetric, i.e.,
Ktψ = 0 and Kφψ = 0 =⇒ Kkψ = 0. (5.13)
These conditions ensure stationarity and axi-symmetry of the solution to the field equations. Since
the vector kµ vanishes at the bifurcation 2-sphere, the contribution from the k · θ term in the
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perturbed Hamiltonian
δHk =
∫
B
(δQk − k · θ) , (5.14)
is zero. Our boundary conditions at infinity are such that there exists [22] a 2-form Θ, such that∫
∂Σ∞
k · θ = δ
∫
∂Σ∞
k ·Θ. (5.15)
Hence, boundary Hamiltonians exist.
For the gravity sector, at the bifurcation 2-sphere, the contribution to the perturbed Hamilto-
nian δHk becomes THδS . Here TH = (κB/2π) and S = (A/4), where κB is the surface gravity and
A is the area of the bifurcation 2-sphere. This is because with kµ = 0 on the bifurcation surface
and δkµ = 0 everywhere, one can argue that the variation of the temperature term is zero [1, 6].
Since the Rarita-Schwinger field is assumed to be smooth on the horizon, the contribution of
the Rarita-Schwinger field to the Noether charge Eq. (4.30) at the bifurcation 2-sphere is zero:
since kµ = 0 at the bifurcation 2-sphere, k · ψ vanishes. Hence on the bifurcation surface, the
contribution from simple AdS supergravity is simply THδS.
At infinity, as is well known the contribution to the Hamiltonian from the gravitational field
yields the ADM mass MADM and angular momentum JADM. Thus the variation of the gravita-
tional Hamiltonian at infinity yields the variation of the ADM mass and angular momentum. While
depending on the nature of the solution, the Hamiltonian for the Rarita-Schwinger field may or
may not contribute at infinity. The boundary conditions we mentioned above are such that the
supercharges are finite. With these boundary conditions contributions to the energy and angular
momentum from the Rarita-Schwinger field (which depends quadratically on the spinor field) van-
ish. Combining these elements, the stationary comparison version of the first law for black holes
with bifurcate Killing horizons in simple AdS supergravity takes the form,
THδS = δMADM − ΩHJADM. (5.16)
In summary, we found that smooth, stationary, axisymmetric Rarita-Schwinger field does not
explicitly contribute to the black hole entropy. The extra term in the Noether charge vanishes at
the bifurcation surface. Near infinity, Rarita-Schwinger field falls-off sufficiently fast that it does
not contribute to the integrals for the energy and angular momentum. Thus, the first law of black
hole mechanics in simple supergravity retains the same form as in pure general relativity.
6 Conclusions
In this work we have applied and appropriately adapted the Lorentz-diffeomorphism Noether charge
formalism of references [5, 6] to four-dimensional gravity coupled to a Majorana field and to a Rarita-
Schwinger field. In section 3 we studied the Lorentz-diffeomorphism Noether charge for a spin-1/2
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Majorana field. The Majorana condition brings in certain new elements in the computation. It
served as a warm-up for the Rarita-Schwinger field in the context of simple supergravity considered
in section 4. As we saw in that section the Majorana nature of the Rarita-Schwinger field played
an important role in the computations. A key result of our work is expression Eq. (4.30) for
the contribution to the Lorentz-diffeomorphism Noether charge due to the Rarita-Schwinger field.
Using this Noether charge we formulated a stationary comparison version of the first law in section
5.
In our analysis of the first law with the Rarita-Schwinger field we made two important as-
sumptions: (i) The Rarita-Schwinger field is smooth everywhere in the region of interest, (ii) The
Rarita-Schwinger field is annihilated by the Kosmann derivative with respect the horizon generat-
ing Killing field. Using these assumptions, we concluded that the Rarita-Schwinger field does not
contribute to the first law at the bifurcation surface. Perhaps these assumptions are too restric-
tive. This situation should be compared to the analysis of the Yang-Mills field by Sudarsky and
Wald [13, 14]. Under similar assumptions, namely (i) a smooth Yang-Mills field can be chosen on
the spacetime, and (ii) it is annihilated by the Lie derivative with respect the horizon generating
Killing field, they also concluded that the Yang-Mills field does not contribute to the first law at the
bifurcation surface. Over the years, this conclusion has been refined. In 2003 Gao [12] argued that
the Yang-Mills field does contribute to the first law at the horizon, but he was not able to write the
contribution as a potential times the perturbed charge without making additional assumptions. In
2015 Prabhu [6] by formulating the problem in terms of the principal bundle gave a satisfactory
discussion of the first law for gravity coupled to a Yang-Mills field. He showed that the Yang-Mills
field contributes to the first law both at the bifurcation surface and at infinity. The contributions
are of the form potential times the perturbed charge, and generically it is not possible to write the
two terms as the ‘difference in the potential between infinity and the bifurcation surface’ times the
perturbed charge.
It is natural to speculate that similar refinements are to be found with the Rarita-Schwinger
field. A reason our analysis is ill-equipped to address this question is that we have ignored
the fermionic gauge symmetry of the Rarita-Schwinger field. The fermionic gauge symmetry is
supersymmetry—a spacetime symmetry. It changes the frame field as well. The principal bundle
formalism of Prabhu [6], though quite general, is not equipped to handle supersymmetry. Perhaps
a formulation of the first law is possible using the superspace formalism of supergravity. The su-
perspace is discussed at length in the mathematical physics literature [25, 26, 27, 28]. In such a
formulation, we expect that the above mentioned shortcomings can be addressed and that super-
charges may feature in the first law. Such a discussion would shed further light on black holes in
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supergravity. We leave this for future work.
For a class of supersymmetric black holes it is known that smooth (at least at the future
horizon) normalisable linearised fermionic hair modes exist [29, 30]. It will be very interesting to
understand how these modes appear in the first law for the corresponding black holes.
We hope to return to these questions in our future work.
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